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Dynamical Systems

Dynamical systems theory has had a significant impact on the

studies of

We will briefly look at two dynamical systems:

• Thermal convection — Lorenz system

• Earth’s magnetic field — Rikitake model
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The Lorenz Attractor

dx

dt
= σ(y − x)

dy

dt
= ρx− xz − y
dz

dt
= xy − βz

Usually with σ = 10 or 7, β = 8/3 and with ρ varied.

Where did this come from?
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Lorenz was originally studying a model of convection in the

atmosphere.

He observed irregular behaviour — chaos.

When he tried to reproduce the results by re-entering numbers from

a previous run he got behaviour that diverged — sensitivity on initial

conditions.
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Convection in a layer of fluid

y
x

T

T0

0 + ∆ T

y=D

y=0

∂u
∂t

+ u · ∇u = − 1
ρ0
∇p+ gαT ŷ + ν∇2u

∇ · u = 0
∂T

∂t
+ u · ∇T = κ∇2T

Here we make the Boussinesq approximation — density variations

neglected except in the buoyancy term.

Density given by

ρ = ρ0(1− α(T − T0))
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The boundary conditions are

T = T0, v = 0 on y = D

T = T0 + ∆T, v = 0 on y = 0

In reality we should have no-slip boundary conditions u = 0 on y = 0
and y = D, but often stress-free boundary conditions are used,

which makes analysis easier (as we will do here).
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Dimensional quantities

ν ∼ L2T−1, κ ∼ L2T−1, g ∼ LT−2,

ρ0 ∼ML−3, ∆T ∼ θ, α ∼ θ−1, D ∼ L.

Seven quantities involving in 4 basic quantities, so would have 3

non-dimensional equations. But observe that g only appears

multiplied by α we have another restriction that reduces things to

two quantities.
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Non-dimensionalising the equations using scalings length ∼ D,

time∼ D2/κ, temperature∼ ∆T , speed∼ κ/D, pressure∼ ρ0κν/D
2,

we obtain

1
σ

[
∂u
∂t

+ u · ∇u
]

= −∇p+ RaT ŷ +∇2u

∇ · u = 0
∂T

∂t
+ u · ∇T = ∇2T

where

Ra =
gα∆TD3

νκ
σ =

ν

κ
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These have the simple solution

u = 0, T = 1− y

— the conduction solution.
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Instabilities

When the temperature difference is small this is the solution that is

observed. When sufficiently large convection starts — the fluid

starts moving.
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A classic experiment, and much reproduced photograph by

Koschmieder (1974) — but not really the problem under

consideration.
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It can be shown that between parallel plates the onset is usually in

the form of parallel convection rolls.

Look at a 2-dimensional version perpendicular to the roll axes.
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If we use a streamfunction ψ such that

u =
∂ψ

∂y
, v = −∂ψ

∂y

and if we take T to be the deviation from the conduction solution

then the governing equations become (after taking the curl of the

momentum equation)

1
σ

[
∂∇2ψ

∂t
+ ψy∇2ψx − ψx∇2ψy

]
= RaTx −∇4ψ

∂T

∂t
+ ψyTx − ψxTy + ψx = ∇2T
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Linear stability

Firstly we will look at the linear stability — we neglect the nonlinear

terms.

We can look for solutions of the form

ψ = ψ(y) sinαx eλt, T = T (y) cosαx eλt.

If we use realistic boundary conditions we end up with an eigenvalue

problem involving a 4th-order ODE for ψ(y) and a 2nd-order ODE for

T (y).
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If we use stress-free boundary conditions we find both ψ and T have

a y-dependency of sinnπy, for n = 1, 2, . . .

The eigen-value problem then becomes[
λ

σ
+ (α2 + n2π2)

] [
λ+ (α2 + n2π2)

]
(α2 + n2π2) = α2Ra.
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If we use stress-free boundary conditions we find both ψ and T have

a y-dependency of sinnπy, for n = 1, 2, . . .

The eigen-value problem then becomes[
λ

σ
+ (α2 + n2π2)

] [
λ+ (α2 + n2π2)

]
(α2 + n2π2) = α2Ra.

For steady onset of convection (as opposed to oscillatory onset)

λ = 0 and

Ra =
(α2 + n2π2)3

α2
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If we use stress-free boundary conditions we find both ψ and T have

a y-dependency of sinnπy, for n = 1, 2, . . .

The eigen-value problem then becomes[
λ

σ
+ (α2 + n2π2)

] [
λ+ (α2 + n2π2)

]
(α2 + n2π2) = α2Ra.

For steady onset of convection (as opposed to oscillatory onset)

λ = 0 and

Ra =
(α2 + n2π2)3

α2

This has a minimum when n = 1, α = π/
√

2 and

Ra =
27π4

4
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Note:

• It can be shown by the use of Energy stability analysis that any

nonlinear disturbance will decay for values of Ra less than the

critical value found here.
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Note:

• It can be shown by the use of Energy stability analysis that any

nonlinear disturbance will decay for values of Ra less than the

critical value found here.

• The original experiments had a free surface, and variations in the

temperature at the surface lead to variations in the surface tension

which drives the flows — Bénard-Marangoni convection.



17

Weakly nonlinear analysis

We will not go into the details here. We look for solutions near

marginal stability where we expect solutions to be small. We pose

expansions

ψ = εψ0 + ε2ψ1 + ε3ψ2 + · · ·
T = εT0 + ε2T1 + ε3T2 + · · ·

Ra =
27π4

4
+ εRa1 + ε2Ra2 + · · ·

We find Ra1 = 0 and Ra2 > 0
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Ra
Ra

Amplitude

c

In this analysis you find ψ1 = 0 and T1 ∝ sin 2πy.
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Ra
Ra

Amplitude

c

In this analysis you find ψ1 = 0 and T1 ∝ sin 2πy.

Convection tends to make interior of the fluid more evenly mixed,

thus reducing the effective temperature gradient and the effective

Rayleigh number.
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Time dependent problem

You can look for the time variation of these problems to find out

how the system evolves in these situations. A simple way of looking

at this is assume

ψ = a(t) sinαx sinπy,

T = b(t) cosαx sinπy + c(t) sin 2πy.

These are substituted into the governing equations. Where the

nonlinear terms generate other terms of a different spatial form they

are neglected.
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This yields a set of equations

da

dt
= σ

[√
2Ra
3π

b− 3π2

2
a

]

db

dt
=

π√
2
a− 3π2

2
b− π2

√
2
ac

dc

dt
=

π2

2
√

2
ab− 4π2c

where we use α = π/
√

2.
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With some rescaling of t and the variables this reduces to the Lorenz

equations
da

dt
= σ [b− a]

db

dt
= ra− b− ac
dc

dt
= ab− 8

3
c

where r = Ra/(27π4/4).
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These equations are a rational model for the behaviour of convection

for small amplitudes, i.e., for r just over 1.

However when you put in large values such as r = 28 you get more

interesting behaviour....
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Stereogram — cross your eyes for a 3-D image

Very pretty, but not a lot to do with thermal convection. But it

didn’t stop people trying to investigate possible links between the

chaos and the Lorenz attractor and real convection.
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The same approach can be used to look at a reduced model for the

double-diffusive convection problem where a salinity gradient is also

applied across the fluid layer.

y
x

T

T0

0 + ∆ T

y=D

y=0 S

S 0

0+ ∆ S
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Da Costa, Knobloch & Weiss (1981) assumed the same form for the

temperature and salinity perturbation, and derived a 5th-order set of

equations:
da

dt
= σ (−a+ rTb− rSd)
db

dt
= −b+ a(1− c)

dc

dt
= $(−c+ ab)

dd

dt
= −τd+ a(1− e)

de

dt
= $(−τe+ ad)

With d and e removed these are equivalent to the Lorenz equations

previously seen.
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Here chaos was found for relatively small amplitude solutions, but

again reality got in the way. The initial instability was oscillatory.
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Here chaos was found for relatively small amplitude solutions, but

again reality got in the way. The initial instability was oscillatory.

But

cosαx cosωt =
1
2

(cos(αx− ωt) + cos(αx+ ωt))

A standing wave is the sum of a right and left travelling wave.

Bretherton (1983) showed that if you do the weakly nonlinear

analysis to a higher order and allowed the left and right travelling

waves to have their separate amplitudes, then one wave would grow

and the other decay. No standing oscillatory solution will be

observed and instead only travelling waves will be seen (without the

rich structure of chaos).
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Earth’s magnetic field

The previous problem had a sound theoretical background, but was

sometimes pushed a bit too far.

Here we will briefly look at an idealized model of a vastly more

complicated problem — the generation of the Earth’s magnetic field.

• The Earth’s core is too hot for it to be a permanent magnet.

• The convection in the molten metallic core can generate magnetic

fields spontaneously...

• ... but it needs rotation etc.
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• There has to be a strong toroidal element to the mean field in the

core (which we will not see on the surface), and a poloidal part

that comes of surface.

The convection generates the poloidal field from then toroidal field,

and the toroidal field from poloidal field.

• 400 times in the last 330,000,000 years the polarity of the Earth’s

magnetic field has reversed.
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Rikitake (1958) proposed a model:

From “Magnetic field generation in electrically conducting fluids”, by H.K. Moffatt
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Equations for current:

L
dI1
dt

+RI1 = MΩ1I2

L
dI2
dt

+RI2 = MΩ2I1

where L is the self-inductance 2πM is the mutual inductance

between the circuits, and R the resistance.
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Equations for angular momentum:

C
dΩ1

dt
+RI1 = G−MI1I2

C
dΩ2

dt
+RI1 = G−MI1I2

where C is the moment of inertial for each disc.

−MI1I2 represents the effect of the Lorentz force on the disc, and

MΩ1I2 the voltage generated by the dynamo effect.
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These can be non-dimesionalised to give

dX

dt
+ µX = ZY

dY

dt
+ µY = ZX

dZ

dt
=
dV

dt
= 1−XY

Clearly

Z − V = const. = A
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Steady state solutions exist where K is a constant such that

A = µ(K2 −K−2)

then

X = ±K, Y = ±K−1, Z = µK2, V = µK−2

It can be shown (using a bit more than a linear analysis of the

steady solution ) that for K > 1 there is instability.
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µ = 1, K = 2.
Stereogram — cross your eyes for a 3-D image
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µ = 1, K = 2.

This model show the magnetic fields oscillating around ±2, with

occasional flips between these values.
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Not a very realistic model, but it does show that spontaneous field

reversal in a system that generates its own magnetic field is possible.
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From Guinness to Rocks

The last model I will look at shows how very different fields can have

a direct influence on each other.

From Manga (1996)




