CALCULUS: QUESTIONS 1
PARTIAL DIFFERENTIATION

The first six questions are from last year’s sheet 7 and are included here for revision. The other
questions are new.

1. Find all the first and second partial dervatives of

(a) 622 +4y(1—x)+ (1 —y)? (b) sin(z?%y)
2. If f(z,y) = 2*y* with x = cost and y = sint, find % and ‘2275 by using partial differentiation.
3. Using partial differentiation find Z—z where

(a) (z—1)y*+a*cosz =3 (b) cos(xy) =0

4. Find all the stationary points (i.e. points where f, = f, = 0) of

fla.y) =e"(@* +y* — ay),
and find their natures (i.e. are they maxima, minima or saddle points?)

5. Find all the stationary points of the function

fla,y) = (z +y)* —a® —y* — by
and identify their type.

6. Show that the function
flz,y) = 2%y* — 2zy(z + y) + day

has stationary points at (1,1) and (2,0). Find the three other stationary points.
Identify the type of all the stationary points of this function.

7. From lectures Find the stationary points of
fla,y) = 20" + 82y — 4(a® — y?) + 2
Identify the type of all the stationary points of this function.
8. Find the stationary points of
fla,y) = —2* —y° +12¢°
Identify the type of all the stationary points of this function.

9. How would you solve question 6 if you were told that you had to maximise f(z,y) with the
constraint 2% + y? = 47



Solutions
1. (a) fa=120—4y, f, =41 —2) —=2(1 —y), fox =12, foy = fpa

= —4, fyy = 2.
(b) fr = 2wy cos(z?y), f, = x? cos(x?y), fex = 2y cos(z?y) — 4z?y?sin(2?y),
fay = fya = 22 cos(2®y) — 20°y sin(2?y), f,, = —a*sin(2?y).

df _ 0fd of dy __ 2d. 2. dy
2. —t—%d—f—ka—yE—ny o 2ty
= 2costsin®t x (—sint) + 2cos?tsint x (cost) = —2sin®t cost + 2sint cos® ¢
Pf _ 0f x| 0fdPy | f (da)\? | 9 0% dudy | 8°f (dy)?
dt2 Oz dt? + Oy dt? + oz2 (dt) +26m8y dt dt + Oy? (dt)
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2 (d dz d 2 (d
= T2y (d—f> + 8ry o + 2x (d—ff) r
— 2costsin®t x (—cost)+2cos® tsint x (—sint)+2sin’ t x (—sint)*+8 costsint x (— sint) x
(cost) +2cos?t x (cost)® = 2cos*t — 12 cos® tsin? ¢ + 2sin’ .
Using the result that if f(z,y) = C then % + g—gg—g = 0. Note that it is often better to leave
both  and y in your answers.
a) y°®+2zxcosx —z?sinz + 3(z — 1)y? % =0, or &
( ) Yy Y dx )

_ _ y*+2zcosz—z’sinz
de —
(b) —ysin(zy) — wsin(zy)Z =0, or L =

3(x—1)y?

de — —y/l’
. Stationary points at (z,y) = (0,0) and (—1,—1).
(0,0) is a minimum.

(=1, —1) are saddle point.




5. Stationary points at (z,y) = (0,0), (3, 3) and (—3, —3).
(0,0) is a saddle point.

(3,3) and (—3,—31) are minima.

6. Stationary points at (z,y) = (0,0), (1,1), (2,2), (2,0) and (0, 2).
(0,0), (2,2), (2,0) and (0,2) are saddle points.

(1,1) is a maximum.

7. Stationary points at (z,y) = (0,0), (1,0), (—1,0).

(0,0) is a saddle point, the others are minima.

8. Stationary points at (z,y) = (0,0), (0,8).

(0,0) is a saddle point, (0,8) is a maximum.

9. See lectures



