Actuarial Science 2007/08

CALCULUS: QUESTIONS 4
CHANGE OF VARIABLE

1. An ellipse is given by

$2 y2
2!

You want to find the area by using a change of coordinates: x = rcosf, y = %7" sinf. Find
the range of values of r and 6 that correspond to the interior of the ellipse.

Find the Jacobian of the transformation.

Find the area.
2. Find the Jacobians of these variable changes

a) x = acoshscost, y = asinh ssint (elliptic coordinates
Y

(b) = = st, y = (t* — s?)/2 (parabolic coordinates)

3. The moment of inertia of a flat object in the z-y plane about the z axis is defined to be

I = //p(ffc,y)(w2 +y°)dz dy

where p(z,y) is the mass per unit area of the object.

Find the moment of inertia of a circular disc centred on the origin of radius @ and mass per
unit area pg.

4. (a bit trickier?) repeat this exercise for the ellipse in question 1.

5. Spherical polar coordinates (see lectures) are defined by

x = rsinf cos ¢
y =rsinfsin¢g
z =rcosf

Find the Jacobian of this transformation.
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5.

. J =br/a, Area = mab

(a) J = a*(sinh?s + sin? t)

(b) J =s?+1t?

= /027r /Oapgr3 drdf = Tpoa®/2
I = mppab(a® + b*) /4

J =1r%sinf

Solutions



