AS2051

Section 5: More Differential Equations

Linear and Nonlinear Equations

An n'" order differential equation for y(x) is linear if it can be
written in the form:

d"y(x)

dx" +a,,,1(><) dy(X)

d"ly(x)
an(x) dxn—1 +

If it can not be written in this form then it is said to be nonlinear.
If f(x) = 0 then the equation is said to be homogeneous and it is
said to be inhomogeneous if f(x) # 0.

Linear Second Order ODEs

Consider the equation
d?y
dx?

When d(x) = 0 then we have the homogeneous equation:

+ b(x)% + c(x)y = d(x)

d’y dy
B2 + b(X)K +c(x)y=0

The inhomogeneous linear ODE has the property:If y; and y» are
two independent solutions of the homogeneous equation and y, is
a solution of the inhomogeneous equation then:

Yiot = Yp + Ay1 + By

is a solution of the inhomogeneous equation for constants A and B.

Solution

First we consider

y'—y=0

and see solutions of the form

y(x) ~ M

for x e Rand A € C.
Differentiate y and substitute into the homogeneous equation
gives:

)\26)0( _ eAx =0

Now e # 0 so
M2-1=0

We refer to this as the auxiliary equation.

~~~~~~ +a10) 2 +an(x)y () = F(x)

Order of a Differential Equation

The order of a differential equation is the highest order derivative
that appears. An example of a first order equation is:

dy
= f(x)

An example of a second order equation is

X+x=0

Why is linearity important?

If we have a linear homogeneous differential equation e.g.

d’y dy

@ X Y
and two solutions y; and y», then ayy; + aays is also a solution.
This can be checked as follows:

=0

(o +azys) | dlorys + azys)

g o —ayi+azy, = 0

Py | dn yy  dy
al(ﬁ”ﬁ’“ toa\ga trg ) =0
a0+a20 = 0
0 =20

Example

Solve

We solve the auxiliary equation to get A\; = 1, A\, = —1. Therefore
Yef = AeX + Be™™

Now we need to determine the particular solution.

Wetry y =c

Substituting into the equation we determine that ¢ = —1.
Therefore the full solution is:

y=Ae"+Be ¥ -1



Operator Notation
If we have a function f(x) we can write F(f(x)) for a function F
of f(x) e.g. F(f(x)) = f(x) + 2f2(x). We can use similar notation
for an operator, which performs other manipulations of f.
Recall that we have already met this notation once before with
Laplace transforms:

£(F) = /OOo F(x)e P dx

For linear differential equations we could write

d

— =D
dx

Then we can write a differential equation concisely as:
P(D)f = q(x)

where P is a polynomial.

Solution

First we note that our equation can be written more fully as:

P(D)f = 0
(D*+3D+2)f = 0
d*f _df
At =0

Recall that for a homogeneous equation we seek solutions of the
form f(x) = e**. We then obtain, written in a concise form

P(A\)e™ =0

From which we deduce that P(A\) =0i.e. > +3\+2=0
and so
y =Ae ™ + Be *
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In general there will be n roots. However, these roots can be
» complex
> repeated

fP(z)=(z—M)(z—X)(z—A3)...... (z—=An)

where all the \; are distinct, then the general solution to
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Existence Theorem

Let
d’ dy
Li = = -2
) = gz Tl g +p(x)y
where p; and py are continuous function in an interval /. Let xp to
be a point in the interval I. Then there exists a y = f(x) such that

Liy)=0

and
y(x0) = a, y¥'(x0) = b where a, b are real numbers.

Example

Solve
P(D)f = ¥

where P(z) = 22 + 3z + 2.

Constant Coefficient Ordinary Differential Equations (In

General)
Consider
adny+a d"71y+ +ady2+ady+a f(x)
—_— =t — — = f(x
" dxn 1 gxn1 2 dx2 Tax T3
where ap, ap—1,an-2,.-- ... ,ap, ay, ao are constants. This is an nth
order differential equation. This can be concisely written and
P(D)y = f(x)
where
P(z) = anz" +ap 12" 1 4. 222 + a1z + ao

To find solutions of the homogeneous equation, consider the roots
of P(A\)=0

Second Order Linear Ordinary Differential Equations with
Non-Constant coefficients

Consider

d’y dy
vy PI(X)E + p2(x)y = R(x)
We begin trying to solve this equation by first finding solutions to
the homogeneous equation:
4y
dx?

d
+ PI(X)CTi +p2(x)y =0

Uniqueness Theorem

If f(x) and g(x) are two solutions of the given ordinary differential
equation i.e. L(f) =0 and L(g) = 0 and both satisfy

f(x0) = g(x0)

f'(x0) = &'(x0)
for some xg in /. Then f(x) = g(x) Vx € [



Characterization of Solutions

Then
>
Consider y = an() + eyl
s (where c1, ¢ are constants) is a solution to
dy dy Liy)=0
ﬁ+P1(X)F+W(X)y:0 ) ) i )
X X » Conversely if we can find a solution y to L(y) = 0 then we
with p1, po continuous on an interval / = R. Let y1(x) and y»(x) can find ¢; and ¢ such that
be two non-zero functions satisfying L(y1) = 0 and L(y2) =0in /
such that y1(x)/y2(x) is not a constant. y = ayi(x) + cya(x)

i.e. all the solutions can be expressed in terms of y; and y».

The first of these two points is just a statement of linearity. For
the second point:
Consider a solution y(x) to L(y) = 0 and choose a point xg € /.
Now let y(xp) = a and y’(xp) = b. Try to find ¢; and ¢, such that Solutions will exist if
a = ayi(x) + cy(xo) y1(x0) ya(xo) 40
yi(x0)  y3(x0)

So if there is a point where this determinant is non-zero then we

b= ciy;(x) + c2y4(x0) can find a solution.

and

We can write these two equations as:

(2)- (b sty (2)

Can there be no such point?

Then As this contradicts our assumption there must be a point where
nlo) (o) | _, y1(x0)  y2(x0)
4 ! - / / #0
yi(x)  yz(x0) y1(x0)  y3(x0)
Vx €l ie yiys—yoy; =0. Note that we call
Therefore
. ‘ yi(x0)  ya(x0)
2_n yi(0)  y3(x0)
Y2 n

the Wronskian i.e.
Integrating we get W(x) = y1y5 — yovi
Iny> =1Iny; +1Inc

or y»/y1 is a constant which breaks our assumption stated earlier.

Consider now the inhomogeneous equation

Lly) =y" + p1(x)y’ + p2(x)y = r(x)

and two solutions y — £(x) and y — g(x). Then So if we have a particular solution f(x) to the inhomogeneous

equation and yi, y» are linearly independent solutions then a

Lg —f) = L(g) — L(f) = r(x) — r(x) = 0 general solution will be

and so y=f+ay(x)+ cya(x)

g —f=ayi(x)+ ayl(x)

or
g =f+ay(x)+ cy(x)



The Methods of Variation of Parameters
We want to find the solution to:
dy | dy
- = - R
gz TP P2y (x)
Let y1 and y» be solutions of L(y) =0 and let

W(x) = y1y5 — yoyi

Then the particular solution of the inhomogeneous equation is of

the from
y = ur(x)y1(x) + u2(x)y2(x)

where

_ y2R(x)

u(x) =— E) dx
_ [nR(x)
u(x) = W) dx
Solution

Using the techniques that you learned last year we can determine

that the solution to the example is

y=Ae"+Be ¥ —x

However, does our new technique work to find the particular

integral for this simple example?

= —%ex-&- —dx
X
= —%ex+—+d
and so
y = iyt iy

—x X

= (7§efx—62 +c>ex+<—%ex+e—+d

- 1 1
= TX—E—%+§+C6X+d67X
= —x+ce+de ™

So out solution is
y=Ae" +Be X —x+ce* +de ¥
ory=Ae"+BeX—x

Solution

2

)

First consider the homogeneous equation for which we obtain

Y1 = COSX yp =sinx
and we obtain

W = yniy;—yiy
= cos?x +sin®x
=1

We now proceed to form y = u1y1 + upy» by first obtaining u; and

uz
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Example

Find the solution of

Let y1 =e*and yo = e

Now

Example

y”fy:x

W(x) = yiys —yox
—eXe X —eXe ™

= -2

e *x
u =/72dx
X

Find the solution of

Then

Yeot = Acosx + Bsinx + cosx In | cos x| 4 x sin x

y" +y=secx

sec x sin x
n = — | —/—/—Zdx
1

sin x
= - dx
cos x

= In|cosx|+ ¢

1

= /ldx

x+d

SeC X Cos X
u = ————dx

y = nulx) +ya(x)u(x)

= cosx(In|cosx| + c) +sinx(x + d)



Deriving the expressions for u; and u;

Seek solutions to the equation:

of the form
y = u(x)y1(x) + u2(x)y2(x)

where y; and y» are solutions to the homogeneous equation.
We additionally specify that

Ui ()y1(x) + ua(x)y2(x) = 0
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So then we have the following pair of equations to solve.

uryg + tay; = R(x)

1+ tpyr =0

Example

Find the general solution for

2 !
y"7l+—}2/ = xsec® x
x | ox

Therefore

W(x) = x(2x)-—1x?
2

Now differentiate y = u1(x)y1(x) + u2(x)y2(x) with respect to x.

0%
dx

iy + u(x)y1(x) + taye + tay;

iy + tays

similarly
d?y
dx?

Now substitute these expressions into our equation:

= vy + uyl + udys + tays

d?y oy
) + Pla +p2y =

uy' + uyl + upys + uys + pr(ury] + vays)
+p2(u1(x)y1(x) + wa(x)y2(x)) =
uyi + tays + vy + pryi + pavi) + wa(y) + prys + paya) =
uyl +upy; =

Solving to find u}:
uyiy2 = uiyan = y2R(x)

—UW(x) = y2R(x)

and so

_ [ »R((X)
u(x) = ] Wi dx
By a similar method you obtain
nR(x)
= d
up(x) W) Ix
Solution
First consider oy o
y// Yy + % —0
X X
Seek solutions of the form y = x"
n—1 n

n(n—1)x""2 - X 2% =0

x
x"2(n(n—1)+2n+2) = 0

x"22£0andso (n®—3n+2)=0o0r (n—1)(n—2)=0.

Let y; = x and yp = x%.

Now we need to evaluate u; and up.

_ [ »RK)
Wix) @

2 2
_ _/x(xs;ec X)dx
X

= —/xsec2 xdx

= —xtanx+ /tanxdx

u1(x)

= —xtanx —In|cosx|+ ¢



yiR(x)
W(x)

_ 7/‘ x(x sec? %) 4

ua(x) dx

x2

- / sec? xdx

= tanx+d

Therefore

y = (—xtanx —In|cosx|+ ¢)x + (tan x 4 d)x?
—xIn|cosx| 4 cx + dx?

So our general solution can be written as:

y = Ax + Bx?> — xIn| cos x|
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How do we find both y; and y,?

The method of variation of parameters requires us to know both of
y1 and y». There is a technique that can help you to achieve this
goal if you know one solution to the homogeneous equation but do
not know the other.
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u"y1+ 20’y + uyi + pru'yr 4+ pruy; + ppuyn = 0
"y + 20y + prd'yr +u(yy + iyl pey) = 0

and since y; is a solution to the differential equation the term in
brackets is zero giving us

Uyl +2u'yi + pru'yr =0
Let v =« then
vy + 2vy{ + p1vy1 =0

This can be written as:

!
—=-21_p
v n

Example

Find the solution for

2d2)’

dy -
X ﬁ—x(x+2)$+(x+2)y—0

Note: You can check that y = Ax + Bx? — xIn(cos x) is really a
solution and it is good practice to do so. To check this
differentiate:

y' = —In|cosx| + xtanx + A+ (2B)x

y”:tanx+tanx+xsec2x+28

then substitute into the equations you were given and show that
LHS=RHS:

2y 2
tHs = y'—2L 2
x X
= 2tanx+ xsec®x + 2B
2
——(—In|cosx| + xtanx + A+ (2B)x)
X
2
+X—2(7xln|cosx|+Ax+Bx2)
= xsec®x
= RHS

Finding a Second Solution to a Homogeneous Equation

Assume that we know one solution to

d
-+ pld% + p2y = R(x)

we try to seek a solution of the form u(x)y1(x) where we do not
yet know u(x).
We substitute this expression for y into the homogeneous equation.

Integrating we obtain:

Inv:72lny17/p1dx

or
e*fpldx
V= —F—
v
Therefore
e*fpldx
U= ———
ri
and so
e*fpldx
u= /72dx
. i
Solution

We can spot that y = x is a solution and so we let y; = x.
Now we will try to use this to obtain a second solution. First we
rewrite the equation given as:

d%y X(X+2)ﬂ+ (x+2) —0

dx? X2 dx Xz Y

Then we can see that:

pr = -

Therefore
/pldx= —x—2Ilnx+c¢



e—fpldx _ e(x+2|nx+c)
de*x?

We are now in a position to find u

— [ prdx

u = /eizdx
Yi
x2eX

= d/ ) dx

= d/exdx

= de"+e

Therefore yo = uy; = (de* + e)x.

Obtaining a Second Solution via the Wronskian

Consider )
d’y dy
W + pl(X)a + pZ(X)y =0
which has two solutions y1 and y» and let W(x) = y1y5 — yay1.
Then
dw
oo T ety =y -y

ny; =y

Using the definition of W:
s —yoyy = el P

}é B yayi _ el —prdx
oy vi

d <}’2) el —pidx
dx\y)  »

[ —prdx
iz / Ly
Y1 ri

From which we can determine y» .

Solution
First consider
xy" —xy'+y=0

One obvious solution for this equation is y; = x. Seek a second

solution by looking for y» = xu(x).

x(xu” +2u") — x(xt' + u) + xu=0

X"+ (2% = x4 (—x+x)u=0
Letv=1
v _2><7><2
v x2
= 24
X

nv=—Inx>+x+c
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Then the general solution to the homogeneous equation is

and so y» = xe*

y = A'x + Bxe*

However y/" + p1y! + payi = 0.

Example

Solve

aw
dx

yi(=pys — pay2) — ya(=piy1 — pay1)

—PLY1Ys — P2Y1Y2 + P1y2yi + Payiye
—p1W(x)

WI
woh
InW = / —p1dx
W = ef —Prx

xy" = xy' +y = x>

eX
v=as5
2

eX
u=a/—2dx
X

So then we can write the solution to the homogeneous equation as:

X

y:Ax+Bx/e—2dx
X



To find the particular integral we rewrite the equation as:

1
y//iy/Jriy:X
X

7y1/—dx+y /—dx

W = yiy; —yiy2

X xe* X
= x[/;der?} 71[x/;dx]
x2 e~

2

X
:ex

Start with up

b — / nR o
2 w
2
= /idx
eX
= /xze_xdx
= [ x2e ™ 4 2xe de]
= [ x2e™% — 2xe™* /2e’de]
—x%e™* — 2xe™X — 2e™¥
—(x®42x+2)e*
Now
nR
Yp = —yl/—dx-k—y de
= —x?_2xInx+2
Therefore
eX
y=Ax+Bx/—2dx—x2—2X|nX+2
X
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Example
dy
—75 —3y=0
(1-x% X~
and xp =0

Now we need to evaluate

and

u = 7/ﬂdx
— /de
_ / (e / & dx)dx
= +(x®+2x+2)e / dx—/(x +2x+2)
= +(P+2x+2)e / dx—/1+ +2d

e~ XeX

dx

2
= +(x +2x +2)e / dx7x72|nx+7

Solution by Power Series

Consider

d’y dy
B2 TP Py = R(x)

and a point of interest xg.
Seek solution in the form of a power series

y() = an(x = x0)"
n=0

Solution

We seek a solution of the form:

y() = Y an(x)"

= y(0) +y'O)x+y"5 o +
Let x = 0 then the equation yields

¥"(0) =3y(0)
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Now differentiating our equation once we get

d3y d?y d?y dy dy
1-x) Y 08y 5,0V & W
( X)d3 a2 a2 Jdx Tdx

Let x = 0 and we obtain

¥"(0) =8y'(0)

If we differentiate the equation given n times we obtain

s dn+2y dn+1y

2 ay
(17)( )7){ 272xn x 17([7 —

d"y
dxr X gt O e S = 0

)dy dmly

So our expansion can we written as

Y00 = ¥(0) + (O + 2300 + 5y O+ ..

where we have used:

y"(0) = 15y(0)
= 45y(0)

y/ll/l(o) — 24yl//(0)
= 196y/(0)

etc.

Example

Solve
xy" +(1+x)y +2y=0

where xg = 0

So

y'(0) = —5¥(0)
= 3y(0)

y"'(0) = —2y"(0)
= —4y(0)

Substitute x = 0 and we obtain

y""2(0) + [-n(n—1) — 5n — 3]y"(0) = 0
y™2(0) — [n? + 4n + 3]y"(0) = 0

y™3(0) = (n+1)(n +3)y"(0)

This can be written as:

3 45 8
y(x) =y(0) |1+ 2x + ﬂx“ ...... ] +y/(0) |:X + yxe' + —x

Solution

Differentiating n times to get

Xyn+2 + nyn+1 + (1 4 X)yn+1 + nyn + 2}/" =0

Setting x = 0 we obtain:

(n+1)y™(0) + (n+2)y"(0) = 0

n n+2 n
y=——2y"(0)

Therefore

y(x) = y(0)—2y(0)x + 3}/(0)—2 - 4y(0) © +.o

3l
3 4 5
= y(0) [1—2x+§x -3 +Ex4+ ...... }
Note that1—2x+2,x —3,x +4,x — reminds us of
=[l—x+4x2—§x3— ... ]

So what happens if we integrate our expression for y.

[rax = v [1x gt - g
= y(0)xe™™

Now differentiate again

y(x) = y(0)[1 — x]e™



