Linear Algebra: Exercise Sheet 6

1. For each of the following functions, either prove that they give a real inner product or
give an example to show how they fail.

—) on R? given by (x,y) = 371y1 + 2z2ys + 473y3.
) on R? given by (x,y) = 22191 + 629y, — 6x3ys.
) (X, y) = 2122Y1Y2.

—,—) on P, given by (p(x),q(x)) = [, p(a
—)
(

on P, given by (p(x), ¢()) = pogo-+p1¢1+page, where p(z) = po+p1z+pez?
x)=qo+ qr+ Q1.

2. Using the inner product on matrices given by (A, B) = tr(BT A), calculate the inner

1 -1 3 0 13
product (A, B) amdthenormofAforA—(_2 5 1)andB—<_1 9 6)'

3. Calculate the inner product and the norm of x + 3 and 22 + 2 — 1 using each of the
functions (d) and (e) of question 1 which is an inner product.

4. Which of the following sets are orthogonal? Which are orthonormal?

(a) {(1,1,1,1),(1,—1,0,0),(0,0,1,—1)} C R* with the usual dot product.
(b) {(1,0),(0,1)} C R? with the inner product given by (x,y) = 2x1y; + 4z2ys.
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(c) {(8 ?))(\@ x/%) ’<\_/§ \/8)}CM(2,2)withtheinnerproducton

V3 V6
M(2,2) given by (A, B) = tr(BT A).
(d) {z,2%1— 22%} C P, with inner product given by (p(z f p(x

(e) {1,1+z,1+z+2*} C P, with inner product given by (p(w), q(a:)) = poGo+p1q1 +
P2g2 (as in question 1(e)).

5. (Optional) Prove the generalized Pythagoras Theorem which is stated as follows.
Suppose {Vv1,Va,...V,} is an orthogonal set of vectors in a real inner product space,
then we have

vi+ve+ . vl = [V + [Vl P+ vl



