Linear Algebra: Solutions to Exercise Sheet 1

Remark on notation:
“{X}” means “the set of all X’s”.

“{X | Y}’ means “the set of all X’s satisfying condition Y.
“VYX” means “for all X’s”.

“r €Y” means “x belongs to the set Y.
“r ¢ Y” means “x does not belong to the set Y.

1. P, is the set of all polynomials p(x) = ag + a1z + ... + a,z™ with ag, a4, ...,a, € R,
with addition given by

(ap+arz+. . .+a,z")+(bg+biz+. . .+b,2") = (ag+bo)+(a1+b1)x+. . .+ (a,+b,)z" € P,
and scalar multiplication given by
Mag+ a1z + ...+ apx™) = (Aag) + (Aar)x + ... + (Aay)z" € P,

for A € R.

We need to check that (V'1)—(V8) are satisfied.

(V1): (p(x) + q(2)) + r(z) = p(x) + (q(z) + r(x)) for all p(z),q(x),r(x) € P, is clear.
(V2): p(z) + q(x) = q(x) + p(z) for all p(x),q(x) € P, is also clear.
(V3): The zero vector is given by the zero polynomial 0 = 0 + 0x + ... + 0z".
E 4)) For each p(z) € P,, its negative is given by —p(x) = (—ao) + (—ay)r + ...+
E g ( § z) +q(x)) = (Ap(z)) + (\g(z)) for all A € R and all p(z), ¢(z) € P,.
are similar.
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2. M(2,2) is the set of all 2 x 2 matrices with real entries with addition given by

ai bl + a9 bg . a; + as bl + bg
Cq dl Co dg o Cc1 + C dl + dg

and scalar multiplication given by
V(@ b\ [ Aa X
c d) \ A M

We need to check the 8 axioms.
(V1): For all matrices A, B,C' € M(2,2) we have (A+ B)+C =A+ (B+ ().
2): For all A,B € M(2,2) we have A+ B= B+ A.

(V2)
(V3): The zero vector is given by the zero matrix ( 00 )
(V4)

0 0
V4): For any matrix A, its negative is given by —A = (—1)A.

for A € R.



3.

(V5): M(A+ B) = (M) + (AB) for any A, B € M(2,2) and any \ € R.
(V6)—(V8): can be verified similarly.
Important remark: We can generalize the above argument to show that in fact the

set M (n, m) of all n x m matrices with real entries, with the usual addition and scalar
multiplication of matrices, form a vector space over R.

(a)

(b)
()
()
(e)

U = {(z,0) | x € R} is a subspace of R In order to prove it, we need to show
that U satisfies the three conditions (S1), (52) and (S3).

(S1): (0,0) € U (take z = 0).

(S2): If (z,0) € U and (y,0) € U then (z,0) + (y,0) = (x + y,0) € U.

(53): If A € R and (z,0) € U then A(z,0) = (A\z,0) € U.

U ={(z,y) | =,y integers} is not a subspace of R?. In fact, (53) fails: take A = 3
and (1,0) € U then 1(1,0) = (3,0) ¢ U.

U = {(z,y) € R? |z < y} is not a subspace of R?. In fact, (S3) fails: take
A= —1and (1,2) € U then (—-1)(1,2) = (=1,-2) ¢ U (as —1 > —2).

U= {(z,y) € R? | 22 = y*} is not a subspace of R?. In fact, (52) fails: take
(1,—1) € U and (1,1) € U then (1,—1) + (1,1) = (2,0) ¢ U as 2> =4 # 0.

U = {(z,y) € R? | y = 2z} is a subspace of R?. In order to prove it, we need to
show that U satisfies the three conditions (S1), (52) and (S3).

(S1): (0,0) € U as 0 = 2.0.

(S2): If (x1,31) € U (i.e. y1 = 2x1) and (x9,y2) € U (i.e. yo = 2x9) then
(1, 91) + (22, 92) = (21 + 22,1 + 92) €U as y1 + y2 = 201 + 202 = 2(w1 + 22).

(

S3): If A € R and (z,y) € U (ie. y = 2x) then Mx,y) = (Az,\y) € U as
Ay = A(2zx) = 2(\x).

U={feR¥| f(0) = f(1)} is a subspace of RE. In order to prove it we need to
verify that U satisfies the following three conditions.

(S1): The zero function O defined by O(z) = 0 for all z € R is in U as O(0) =
0=0(1).

(S2): 1 f,g € U e £(0) = (1) and (0) = g(1) then (£ +4)(0) = £(0) +(0) =
fQ)+9(1)=(f+g)1)so (f+g) €U.

(S3): f A€ Rand f € Uie. f(0)= f(1) then (Af)(0) = A(f(0)) = A(f(1)) =
(Af)(1). So (A\f) e U.

U={feR¥| f(x) >0 Vz e R} is not a subspace of R¥. Indeed, condition
(S3) fails: take f € U defined by f(x) = 1 for all x € R, then (—1)f ¢ U as
(-1)f)(x) =—1 <0 for all z € R.

U={feR®| f(z) = f(—x) VY € R} is a subspace of R¥. As before, to prove
this we need to verify the same three conditions.

(S1): The zero function O is in U, as O(z) =0 = O(—=z) for all z € R.

(S2): If f,g € U, ie. f(x) = f(—z) and g(z) = g(—=x) for all x € R, then
(f +9)(x) = f(2) + g(x) = f(=2) + g(=2) = (f + g)(—x) for all z € R. So
(f+9)eU.

(S3): If A € Rand f € U, ie. f(z) = f(—x) , then (A\f)(x) = A(f(z)) =
A f(=z)) = (Af)(—z) for all x € R. So (\f) € U.
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5. (a) U ={ag+ @z +...+a2" € P, | ag+a+ ...+ a, = 0} is a subspace of P,.
In order to prove it, we need to show that U satisfies the three conditions (S1),
(S2) and (S3).
(S1): the zero polynomial is in U (take ag = a1 = ... = a, = 0).
(S2): If ag+arz+. . .+a,z™ € U (ie. ap+...+a, =0) and by+byx+...+b,2™ € U
(i.e. bo+...+b, = 0) then (ag+...+a,z™)+(bo+. .. +by2") = (ap+bo)+. ..+ (an+
by)z™ € U as (ag+bo)+. ..+ (a,+b,) = (ap+...+an)+ (bo+...+b,) =0+0=0.
(S3): f AeRand ap+ ...+ a,z™ € U then ANag + ...+ a,a”) = (Aag) + ... +
(Aay)x™ € U as (Aag) + ...+ (Aay) = Nag + ...+ a,) = X.0=0.

(b) The set of all polynomials of degree exactly n is not a subspace of P,. Indeed,
condition (S1) is not satisfied as the zero polynomial 0 has degree 0, so it is not in
this set. (Can also show that (52) is not satisfied, as  + 2" and 2z — 2™ are both
polynomials of degree n, so they are in this set, but their sum (x42")+ (22 —2") =
3x is not a polynomial of degree n.)

(c¢) Note that the set U of all polynomials in P, satisfying p(0) = 0 is equal to the set
of all polynomials of the form a;x + asz? + ... 4+ a,a” (so the independent term
ap = 0). We claim that U is a subspace of P,. In order to prove it, we need to
show that (S1), (52) and (S3) holds.

(S1): The zero polynomial 0 = 0 + 0z + 0z + ... + 02" is in U.

(52): Let ayw + asa® + ...+ a,z™ and byx + byx® + . .. + b,z" be two polynomials
in U, then their sum (a; + b1)z + (ag + b2)z* + ... + (@, + by)z™ is still in U.
(53): Let A € R and let p(x) = a;x + az®* + ... + a,2" be a polynomial in U,
then Ap(z) = (Aay)z + (Aag)z? + ... + (Ma,)z™ is still in U.

0
Then U is a subspace of M(2,2). In order to prove it we need to show that con-
ditions (S1), (S2) and (S3) holds.
(S1): The zero matrix is in U (take a = b = ¢ = 0).

(52): 1If @ b and [ @ b2 are in U then their sum | by +
0 C1 0 Co 0 C1

a9 bg _ a + as b1+b2 isin U
0 Co 0 c1 + ¢y '

(53): If)\e]Rand(& g)isinUthen)\(& I;):<)\a Ab)isalsoinU.

6. (a) Let U be the set of all 2 x 2 matrices of the form ( N i ) for some a,b,c € R.

0 0 0 Ac

(b) The set U of all matrices of the form ( 8 i ) for some a, ¢ € R is not a subspace

of M(2,2) as, for example, the zero matrix is not in U, so condition (S1) is not
satisfied. (can also show that condition (S2) and (S3) are not satisfied).

(c) This is not a subspace of M (2,2) as the zero matrix is not in this set, so (51) is
not satisfied. (We could also show that (S2) or (S3) is not satisfied).

7. We proved at the lectures that R™ is a vector space over R and similarly that C" is a
vector space over C. Now, is C" a vector space over R? The answer is yes. The addition



and the axioms (V'1)-(V'4) are satisfied just as before. For the scalar multiplication we
have that if A € Rand z = (z1,...,2,) € C" then Az = (Az1,...,Az,) € C*as \z; € C
for 1 <14 < n. Moreover, the axioms (V'5)—(V8) are satisfied as before.

Is R™ a vector space over C? The answer is no. The problem lies with the scalar
multiplication. If A € C and x = (xy,...,x,) € R", then A\x = (Azy,...,\z,) is not
necessarily in R™. For example, take n = 2, A =i € C and x = (1,1) € R?, then
Ax = (i,1) ¢ R%



