Linear Algebra: Solutions to Exercise Sheet 4

1. (a) We need to find a, b, ¢ such that 7e; + 5e2 — ez = ae; +b(e1 +e2) +c(e1 +e2+e3). So
we need to solve the following system of equations:

a+b+c="7
b+c=5
c=-—1
The solution is ¢ = 2, b = 6 and ¢ = —1. Thus the coordinate vector of 7e; + Ses — eg
2
with respect to the basis {e1,e1 + e2,e1 + ez + eg} is 6
-1
(b) We need to find a, b, ¢ such that 522 —2x+3 = al +b(1+ )+ c(1+2%) = (a+b+c)1 +
0
bx + cx®. So we have a =0, b = —2 and ¢ = 5 and the corrdinate vector is -2
5

(¢) We need to find a’,V/, ¢ in terms of a,b,c such that avy 4+ bva + cvy = da'(v1 + va) +
b'(v1 — va) + 'vs. So we must solve the following system of equations

ad+bv=a
a—bv=»b
d=c
The solution is a’ = “TH’, b = “be and ¢’ = c¢. Thus the coordinate vector is given by
a+b
2
a—b
2
c

2. f(e1 —e2) = (2e1 —e3) — (e2 + e3) = 2e1 —e2 — 2e3 = 3e1 + (e1 + e2) — 2(e1 + e2 + e3).
f(e1 —+ 82) = (291 — 83) + (ez + 63) =2e1 t+ex=e1+ (e1 + 62).
Thus the matrix representing f with respect to the given bases is
3
1

1
1
0

\)

3. flex—ez)=f(1,-1)=(1,-1,-1)=e1 —ez —e3
fler+e2)=f(1,1)=(1,1,1) =e1 +tez +e3
Thus the matrix representing f with respect to the given bases is

):
gle2) = g(0,1,0) = (1,0) = 2(eq — e2) + 1(e1 + e2).



glez) = g(0,0,1) = (0,1) = —L1(e1 —e2) + L(e1 + e2).
So the matrix representing g with respect to the given bases is

o~

Now consider the map (go f) : R? — R2. It is given by (go f)(x,y) = (z + ¥, y).
(9o f)(er—ez) =(go f)(1,~-1) = (0,~1) = —ez = 5(e1 —e2) — %( +e2).

(go f)ler+e2) =(go f)(1,1) = (2,1) = 2e1 + ez = 5(e1 — e2) + 3(e1 + e2).
Thus the matrix representing (g o f) with respect to the given basis is

)

We now check that the product rule holds in this case, namely that C' = BA.

DO
DO
N[ =N0| =
\_/

Q
Il
N\
|
D[RO =
BO| LoD =

11 L1 1

2 2 )=(2 2 72 -1
LS5 )= 1 1 1

2 2 2 2 2

. f(1) =0, f(z) = 1 and f(2?) = 2z, so the matrix representing f with respect to the basis
{1, 2,22} of P, is given by

A:

o O O

10
0 2
00

Now, f(1) =0, f(14+x) =1 and f(1+22) = 22 = —2.1+2(z +1), so the matrix representing
f with respect to the basis {1,1+ z,1 + 2%} of P, is given by

01 -2
B=|100 2
00 O

We need to check that the change of basis theorem holds in this case. The change of basis
matrix P (whose columns are the coordinate of the new basis vectors with respect to the old
ones) is given by

1 11

P=|010

0 01

We check that P~'AP = B,
1 -1 -1 010 111 01 -2
0 1 0 0 0 2 01 0)J=00 2
0o 0 1 0 0O 0 01 00 O
. Fix a basis {vq,...,va} for V and a basis {wi,...,wm} for W. The matrix A = (a;;)

representing the map f in these bases is defined by

m
Vl)z E ajin.
j=1



The matrix B = (b;;) representing the map ¢ in these bases is defined by

1) = Z bﬂWJ
7=1

We want to find the matrix representing (f + ¢) in these bases. So we need to consider
(f + g)(vi) and write it as a linear combination of the wj’s. We have

(f +9)(vi) = f(vi) + g(v3) ZaﬂwﬁZbﬂwJ Z aji+ bji)w
7=1

Thus the matrix representing (f + ¢) in these bases is given by A 4+ B. Next we want to find
the matrix representing (Af) in these bases. So we need to consider (Af)(v;) and write it as
a linear combination of the w;’s. We have

Af)(vi) = A(f(vy)) = )\Zaﬂwj Z AGj; ) Wj.
7j=1

Thus the matrix representing (Af) in these bases is given by A\A.



