
The Navier-Stokes equations for an in
ompressible Newtonian 
uid arer�u = 0;�u�t + u � ru = �1�rp+ �r2u+ F:Euler's equation for an in
ompressible invis
id 
uid is�u�t + u � ru = �1�rp+ F:Bernoulli's equation for an in
ompressible invis
id irrotational 
uid is���t + 12 juj2 + p� + � = Q(t)where F = �r� and u = r�.You may negle
t the e�e
t of gravity in questions unless otherwise stated.
1. Gravity waves on the surfa
e of a 
uid 
an be modi�ed by the e�e
ts ofsurfa
e tension.The surfa
e of an invis
id irrotational 
uid is given byy = �(x; t) = � 
os (kx� !t) :Find the potential of the 
ow assuming the 
uid is in�nitely deep in thenegative y-dire
tion and that � is small and so terms proportional to �2and smaller 
an be ignored.The pressure of the 
uid at the surfa
e is given byp = P0 � T �2��2xwhere T is a positive 
onstant. In
luding the e�e
t of gravity, so thegravitational potential is � = gz, �nd a relation between the frequen
y !and the wavenumber k.Determine the group velo
ity of the waves, and show that it has a mini-mum for some wavenumber, k, whi
h is to be determined.
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2. From the Navier-Stokes equations derive the vorti
ity equation for an in-
ompressible 
ow �!�t + u � r! = ! � ru+ �r2!:An in
ompressible 
ow is given byu(x; y; z; t) = (�Ax + u0(x; y; t); �Ay + v0(x; y; t); 2Az) ;where A is 
onstant and (u0; v0; 0) is a perturbation velo
ity. Show thatthe vorti
ity of this 
ow is of the form ! = (0; 0; !3(x; y; t)) where !3satis�es�!3�t � Ax�!3�x � Ay�!3�y + u0�!3�x + v0�!3�y = 2A!3 + �  �2!3�x2 + �2!3�y2 ! :If 
ylindri
al polar 
oordinates are used, with x = r 
os � and y = r sin �and the radial azimuthal and axial 
omponents of the perturbation velo
ityare given by ur, u� and uz respe
tively, then this 
an be written as�!3�t � Ar�!3�r + ur �!3�r + u�r �!3�� = 2A!3 + �  1r ��r  r�!3�r !+ 1r2 �2!3��2 ! :Find the partial di�erential equation that f(r; t) must satisfy if ur = 0and the vorti
ity is given by !3 = f(r; t):(i) Show that if f(r; t) is independent of r, i.e., f(r; t) = g(t) for somefun
tion g(t), then the vorti
ity grows exponentially.(ii) Show that if f(r; t) is independent of t, i.e., f(r; t) = h(r) for somefun
tion h(r), then h(r) satis�esAr2h+ �rdhdr = B;where B is a 
onstant. Why must B be zero?Find the general solution to this di�erential equation with B = 0.hYou may quote the result u� (r� u) = 12r(u � u)� u � ru. i
Turn over : : :



3. State the Milne-Thompson theorem for the 
omplex potential of an invis-
id 
ow past a 
ir
ular 
ylinder.Show how the Milne-Thompson theorem 
an be used to derive the 
omplexpotential for the uniform 
ow past a 
ir
le of radius a 
entred at the originwith the 
ow in the far �eld in
lined at an angle � to the x-axis.If a 
ir
ulation � around the 
ylinder is added the 
omplex potential be-
omes w(z) = U  e�i�z + a2e+i�z !� i�2� ln z;where the far-�eld 
ow is in
lined at an angle � to the x-axis. Verify thatthe mapping � = z + a2zmaps the 
ir
le z = aei� in the z-plane onto the straight line between� = �2a and � = 2a in the �-plane. Hen
e write down the potential forthe 
ow past a 
at plate with 
ir
ulation in the �-plane.Find the value of the 
ir
ulation, �, su
h that the singularity in the velo
ityat the trailing edge � = 2a is removed.4. Derive the boundary-layer equations for the steady two-dimensional in-
ompressible 
ow of a vis
ous liquid along a plane impermeable surfa
e.What is the appropriate form of the boundary 
onditions?A plate lies along the positive x-axis. There is an exterior 
ow past theplate given by U(x) = Cx1=2:By looking for a solution to the boundary layer equations in terms of thestream fun
tion  whi
h takes the form = Ax�f(�); where � = Byx� ;show that the problem 
an be redu
ed to the ordinary di�erential equationf 000 + ff 00 + 23 �1� f 02� = 0;where A, B, � and � are 
onstants that are to be determined. Do not tryto solve this di�erential equation.What are the boundary 
onditions satis�ed by f(�)? Turn over : : :



5. An in
ompressible vis
ous 
uid 
ows down a 
at slope under the for
e ofgravity. What are the boundary 
onditions for the 
uid at the point of
onta
t with the slope and at the free surfa
e?Using orthogonal 
oordinates with the x-axis pointing down the slope andthe y-axis perpendi
ular to the slope, �nd a solution to the Navier-Stokesequation for a 
ow of depth d down the slope under the assumptions thatthe 
ow is steady and uniform in the x-dire
tion.If the 
ow rate was doubled, �nd the e�e
t on the depth of the 
uid,assuming that the 
ow remained uniform.If, instead of having a free surfa
e at y = d, there was another solidboundary, what would the ratio of the new 
ow rate to the original 
owrate be? You may assume that there is still no pressure gradient in the ydire
tion.
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